In this paper, a construction of complete permutation polynomials over finite fields of even characteristic proposed by Tu et al. very recently is generalized in a recursive manner. Besides, several classes of complete permutation polynomials are derived by computing compositional inverses of known ones.
Introduction
Let F q be the finite field with q elements where q is a prime power. A polynomial f (x) ∈ F q [x] is called a permutation polynomial over F q if it can induce a bijective map from F q to itself, and the polynomial f
is called the compositional inverse of f (x). Permutation polynomials have important applications in combinatorics, coding and cryptography, thus constructions of them have been extensively studied (see e.g. [1, 2, 3, 12, 13] ). A permutation polynomial f (x) ∈ F q [x] is known as a complete permutation polynomial (CPP) over F q if f (x) + x can permutes F q as well. Such polynomials were initially studied by Niederreiter and Robinson in [8] motivated by their work on complete mappings of groups [7] . In fact, complete permutation polynomials can be related to such important combinatorial objects as orthogonal latin squares. However, to construct large classes of them is a big challenge, and there are rare classes of complete permutation polynomials known. We refer to [6, 4, 11, 1] , for example, for some results on this topic.
Generally speaking, more attention should be paid to constructing complete permutation polynomials over finite fields of even characteristic, since it is implied by a result of Cohen that complete permutation polynomials over F p of degree ≥ 2 does not exist for a sufficiently large prime p. Very recently, several classes of complete permutation polynomials over finite fields of even characteristic was constructed by Tu et al. in [9] . More precisely, they proposed three classes of complete permutation monomials and a class of complete permutation trinomials. For example, they obtained the following theorem. Theorem 1.1 (See [9] ). For a positive integer m and v ∈ F 2 m \{0, 1}, the trinomial
is a complete permutation polynomial over F 2 3m .
In this paper, we mainly focus on the class of complete permutation polynomials in Theorem 1.1. Denote by tr r s (·) the relative trace function from F 2 r to F 2 s for any positive integers r and s with s | r. After noticing that the polynomial F (x) in Theorem 1.1 is just F (x) = x (tr 3m m (x) + x) +vx, we find it can be naturally observed that the polynomial
is a complete permutation polynomial over F 2 nm for any v ∈ F 2 m \{0, 1} if n is an odd positive integer. Motivated by this fact, we generally consider polynomials of the form xL(x) + vx, where L(x) is a linearized polynomial [5] . The main result is that complete permutation polynomials of this form can be constructed recursively, that is, a complete permutation polynomial of this form over a finite field of characteristic 2 can be obtained from a complete permutation polynomial of the same form over certain subfield by virtue of the relative trace function.
On the other hand, it can be easily proved that the compositional inverse of a complete permutation polynomial also plays as a complete one, thus new classes of complete permutation polynomials can be derived from known ones, say, the three classes of complete permutation monomials proposed in [9] , by computing their compositional inverses. For the class of complete permutation polynomials constructed by us, we can also explicitly determining the compositional inverse class thanks to a technique given by the first author and Liu in [10] , obtaining another class of complete permutation polynomials over finite fields of even characteristic.
The rest of the paper is organized as follows. In Section 2 we construct a class of complete permutation polynomials recursively to generalize Theorem 1.1. In Section 3, we derive four new classes of complete permutation polynomials by computing compositional inverses of known ones. Concluding remarks are given in Section 4.
A construction of CPP's generalizing Theorem 1.1
Let m and n be two positive integers and q = 2 m . For simplicity, we denote by tr(·) the trace function from F q n to F q in the following. Now we give a construction of complete permutation polynomials over F q n . Theorem 2.1. Let m and n be two positive integers where n is odd, and
is a complete permutation polynomial over F q n for any u ∈ F q \{0, 1}.
Proof. We need only to prove that F (x) can permutes F q n for any u ∈ F * q . Assume F (x) = F (y) for two distinct elements x and y in F q n . Since
due to the relation tr(x) 2 = tr(x 2 ), we have
which implies tr(x) = tr(y) because xL(x) + vx is a permutation polynomial over F q . Then from F (x) = F (y) we can get
and thus
However, this leads to a contradiction since x 2 = y 2 follows from F (x) = F (y). The proof is completed.
It is easy to see that the complete permutation polynomial F (x) constructed in Theorem 2.1 is still of the form xL(x) +vx for some linearized polynomialL(x) over F q n andv ∈ F * q n , thus it can be applied to construct a complete permutation polynomial over F q nt for an odd t of the same form by virtue of the trace function from F q nt to F q n according to Theorem 2.1. That is to say, Theorem 2.1 actually presents a method to construct complete permutation polynomials recursively over finite fields of even characteristic.
By fixing L(x) = 0 in Theorem 2.1, we can obtain the following construction of complete permutation polynomials which generalizes that in Theorem 1.1. Corollary 2.2. For a positive integer m, an odd positive integer n and v ∈ F 2 m \{0, 1}, the polynomial
Combining Theorem 2.1 and Corollary 2.2, we can obtain the following construction of complete permutation polynomials involving multi-trace terms.
Corollary 2.3. Let m and n be two positive integers where n is odd, and 
is a complete permutation polynomial over F q n , where c = s j=0 c j and
is a permutation polynomial over F q d 1 according to Corollary 2.2, we know by induction that
According to the transitivity of the trace function, it can be easily derived by induction that for 2 ≤ i ≤ s + 1,
Hence finally we know that F (x) = F s+1 (x) is a complete polynomial over F q n as s j=0 c j = 1.
Constructing CPP's by inverting known ones
In this section, we propose another approach to obtain complete permutation polynomials. The main observation is included in the following proposition. Proof. Assume g(x) = f −1 (x) + x. Then we have
Since x + f (x) and f (x) are both permutation polynomials over F Q , we know that g(x) is also a permutation polynomial over F Q , which implies f −1 (x) is a complete permutation polynomial over F Q .
By Proposition 3.1, we can get complete permutation polynomials via computing compositional inverses of known ones. But generally speaking, it is far from a simple matter to obtain explicit representations of compositional inverses of known permutation polynomials over finite fields. However, in some special cases, say, the permutation polynomials in consideration are monomial ones, there are no difficulties, of course, to compute compositional inverses. Therefor, the following three classes of complete permutation monomials can be directly and easily derived from those given in Theorem 1, Theorem 2 and Theorem 3 of [9] , respectively. We omit the proofs here, only remarking that the obvious fact that, for any a ∈ F * Q , af (x/a) is a complete permutation polynomial over a finite field F Q if f (x) is, needs to be applied The main purpose of this section is to obtain complete permutation polynomials by explicitly representing the compositional inverse of the polynomial F (x) defined in Theorem 3.5. In the sequel, we give the formula of the compositional inverse of F (x) and verify it firstly, and explain the process to derive it afterwards. Firstly we remark that in representing polynomials over the finite field F 2 e , we sometimes use x 1/2 and 1/x instead of x 2 e−1 and x 2 e −2 , respectively.
Theorem 3.5. Let m and n be two positive integers where n is odd, and q = 2 m . Assume L(x) is a linearized polynomial over F q such that xL(x)+vx is a permutation polynomial over F q for some v ∈ F * q . Then the polynomial
is a complete permutation polynomial over F q n for any u ∈ F q \{0, 1}, where g(x) is the compositional inverse of xL(x) + vx over F q .
Proof.
We proceed by directly verify thatF (F (x)) = x for any x ∈ F q n , then the result follows from Proposition 3.1.
Firstly it is easy to see thatF
tr(x) = 0 and
otherwise. Note that
and then
since g (L(y) + vy) = y for any y ∈ F q . Hence we have
Finally we know thatF (F (x)) = x for any x ∈ F q n . This completes the proof.
By fixing L(x) = 0 in Theorem 3.5, we can obtain the following two classes of complete permutation polynomials. They correspond to the two classes of complete permutation polynomials proposed in Corollary 2.2 and Theorem 1.1, respectively. 
is a complete permutation polynomial over F 2 nm .
Corollary 3.7. For a positive integer m and v ∈ F 2 m \{0, 1}, the polynomial
is a complete permutation polynomial over F 2 3m . Now we explain how to compute the compositional inverse of the permutation polynomial F (x) given in Theorem 2.1 for any u ∈ F * q . The main idea has already been indicated in [10] . Consider a graph of maps
Here the map φ, which is defined by
can induce an isomorphism between F q n and F q ⊕ ker tr, where ker tr represents the kernel space of the trace map of F q n over F q , since n is odd, and F (y, z) is a bivariate polynomial system that can make the above graph commutative (i.e. induce a bijective map from F q ⊕ ker tr to itself). To obtain F −1 (x) (the compositional inverse of F (x)), we need only to find the polynomial system F −1 (y, z) that can induce the inverse map of the map induced by F (y, z) on F q ⊕ ker tr.
For any x ∈ F q n , we let y = tr(x) and z = x + tr(x). Since
and
we have
Assume F (x) = X and Y = tr(X), Z = X + tr(X). Consider the system of equations
It is direct to obtain that y = g v u Y where g is defined in Theorem 3.5. When
we have z = Z 1/2 . Hence in this case
Then we know that when
On the other hand, when
according to [10, Lemma 3.3] . In this case we have
Thus when
tr(X) = 0, we can get
tr(X) 2 j At this point, the compositional inverse of F (x) is obtained.
Concluding remarks
In this paper, a construction of complete permutation polynomials over finite fields of even characteristic is generalized in a recursive manner. In addition, several classes of complete permutation polynomials are derived by inverting known ones. It should be noted that from our construction, complete permutation polynomials over any extension field of F 2 can be obtained provided the extension degree has an odd factor. It is a natural question that how to construct complete permutation polynomials over ramified extensions of F 2 (i.e. the extension degrees are powers of two). To the best of the authors' knowledge, no special attention has been paid to this question. We leave it as an open problem.
Open problem. Construct complete permutation polynomials over the finite field F 2 2 e , where e is a positive integer.
